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Abstract 
This paper presents a formula for Casson’s invariant for branched cyclic covers of degree 
r = _t 1 mod 6 over S’ with branch set a twisted double knot DK. Casson’s invariant is 
compared with the signature of a canonical 4-manifold whose boundary is the branched 
cyclic cover. For r = - 1 mod 6, Casson’s invariant is shown to depend upon the knot and 
the degree of the cover while the signature is independent of the knot in question. 
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Casson’s A-invariant was originally defined as an integer valued invariant of 
oriented homology 3-spheres [l] which, roughly speaking, counts the irreducible 
representations of the fundamental group to SU(2). Let M,‘,, be the r-fold 
branched cyclic cover of S” with branch set the (p, q> torus knot K,,,. Then IV,‘,, 
is the boundary of the Brieskorn manifold Nl,, given by 
N,,, = {(% 229 23) E c3 I zf + 2; + 2; = E}. (*) 
If (p, q, r) are pairwise coprime integers, then ML,, is a homology 3-sphere [2] 
and Fintushel and Stern 141 have shown that 
*P,,,) = da(N,,,) 
where (T is the signature. 
By presenting a formulation of N;,, which is valid for all knots (not only the 
algebraic ones such as K,,,), we show that the above relationship does not hold in 
general, via an investigation of those homology 3-spheres which arise as the r-fold 
branched cyclic covers over S3 with branch set a + 1 twisted doubled knot DK. 
(Among the twisted doubled knots, only DK and the untwisted doubled knots give 
rise to branched cyclic covers which are homology 3-spheres.) 
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To avoid unnecessarily cumbersome notation, we shall refer to the knot K,,, by 
simply the subscript p, q where appropriate. 
Let V be a Seifert surface for a knot K. Let flk be the parallelizable 
4-manifold described by Cappell and Shaneson [31 (and others, including L. 
Kauffman, C. Gordon) as the r-fold branched cyclic cover of D4 with branch set 
KXl UKXO I/X 0 c S3 XI U D4 = D4, with boundary ML, the r-fold branched 
cyclic cover of S3 with branch set K. Hence (T(N&) = a<m&> as XV& = am;, = 
M’ . 
“i”W e will henceforth refer to & by Nk, as we will have no need to refer to (* > 
again.) 
Now if r = & 1 mod 6, then Zt4LK is a homology 3-sphere. This follows from the 
fact that H1(M;)K) is determined by the Alexander polynomial of DK and DK in 
turn has the same Alexander polynomial as K2,,. (K,,, is equivalent to DU where 
U is the unknot.) 
In addition, DK, being a winding number 0 satellite knot of DU = K,,,, has the 
same Scifert matrix. Hence, as the Seifert matrix determines the r-signatures, we 
have that 
~V%Y) =+Y,& 
On the other hand, 
Theorem. Let r = - 1 mod 6 and K be a knot of unknotting number 1. Then 
where 4,(K) is a certain coefficient of the Conway polynomial of K. The sign k in 
the formula depends on the knot K (see below). 
Therefore, while (T is insensitive to the choice of knot K to be doubled, the 
Casson invariant proves to be a more subtle invariant, reflecting as it does both K 
and the degree r of the cover. It is a curious result that if r = + 1 mod 6, then 
neither (T nor A can distinguish DK from K,,,. 
Casson’s invariant for branched cyclic covers of untwisted doubles has been 
previously studied by Hoste [5]: for those knots, only the second term of our 
formula arises. 
We begin by showing how a Dehn surgery description for A4AK can be obtained 
from a surgery description for S3 -K. The surgery description of i’t4bK will be 
used later on to calculate MM;,). 
Let T be a solid torus linking an unknot algebraically once. Let U be an 
unknotted curve null homologous in T such that + 1 or - 1 surgery along U 
transforms the unknot into K and the solid torus T into S3 -K. Note that U 
bounds a genus 1 Seifert surface I/ in T with the property that K intersects I/ 
geometrically twice, but algebraically in zero (see Fig. 1). Replacing K by DK 
gives Fig. 2. Now unknotting DK by - 1 surgery on the unknot C (see Fig. 3) and 
performing an isotopy of all of S3 gives a surgery presentation of DK (see Fig. 4). 
Taking r copies of S3 and cutting along a Seifert surface for DK gives a surgery 
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Fig. 1. 
Fig. 2. 
Fig. 3. 
Fig. 4. 
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Fig. 5. 
presentation for It4AK in the manner of Rolfsen [7] (see Fig. 5). Note that - 1 
surgery along C has become + 1 surgery along the lifts of C in the cover. 
Let L denote the lifts of C. Surgery along L gives M& since L is a surgery 
description of the r-fold branched cyclic cover of DU or I$,. 
From the last figure, it is immediate that MAK is obtained from M& by surgery 
on a boundary link, that is the Y lifts of U. (The lifts of U form a boundary link as 
V, the Seifert surface of U, has r lifts in MA,.) 
Now we will compute Casson’s A-invariant of MLK using this surgery descrip- 
tion. 
Theorem (Casson [l]). Let M3 be an oriented homology 3-sphere and K a knot in 
M3. Let K, denote the manifold obtained from M by l/n surgery on K. Then there is 
a unique invariant A(M3> satisfying 
(1) h(K,+,)-h(K,)= $,(K; M3> for any knot K in M3 where $J~ is the 
coefficient of z2 in the Conway polynomial of K in M3, 
(2) A(S3> = 0. 
Using Casson’s surgery formula, and doing surgery on the r lifts of U one at a 
time (each denoted by U’ because of the obvious symmetry), one derives the 
formula 
A( M&) = A( M;,3) f r$r( U’; M,‘,,). 
This follows from the fact that each lift of U has a Seifert surface whose homology 
generators are unaffected by surgery along the other lifts of U. Therefore, the 
calculation of 4, for each of them depends only upon the manifold M;,3. 
The proof of the theorem follows from the following lemma. 
Lemma 1. 
dQ(U’; W,3) = 
+24,(K; S3) if r= -1 mod 6, 
o ifr= +lmod6. 
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Proof. Let V(U’; M;,3) be the Conway polynomial of U’ CM&. One method of 
computing V is an algorithm given by 
(a) V(unknot) = 1, 
(b) V(K+) - V(K_) = zV(K& 
where K,, K_, and K, differ as shown in Fig. 6. Alternatively, one can compute 
the Conway polynomial VW’; &I;,,) = VU, from the Alexander polynomial 
A(U’; M;,3) = A,, by the change of variables: 
V&-z-‘) -A,,(z2). 
We will apply this second method here, and make use of the first method below. 
With the aim in mind of computing the Alexander polynomial of U’, we need to 
calculate the Seifert form associated to the Seifert surface V of U (see Fig. 7). Let 
x and y, the generators of H,(I/), be chosen so that x is a meridian of K and y 
satisfies lk(y, K) = 0. 
Lemma 2. The Seifert form Wfor U’ CM& is given by 
where a is 2 if r = - 1 mod 6 and 0 otherwise, and b is computed as follows: 
Let K be a knot of unknotting number 1. Let K,, K_, and K, be given as in the 
algorithm mentioned above for the Conway polynomial. Then K, is a link of two 
components, K, = K~ U K~, and b is given by lk(K,, K~). 
Fig. 7. 
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Fig. 8. 
Proof. In order to calculate the Seifert matrix of U’ CM;,, we first need to 
calculate it for U’ c S3. Then an application of the following lemma (due to Hoste) 
will show how the linking numbers encoded by the Seifert matrix of U’ cS3 
change when U’ is viewed as sitting in M;.3. 
Lemma (Haste [5]). Suppose J, and J, are two knots in A4 - L where L is a framed 
oriented link in a homology 3-sphere M. Then 
lk(J,, J,;,y(L; M))=lk(J,, J2; M)-lk(J,, L; M)B-‘lk(J,, L; bQT 
where x(L; M) is the manifold resulting from surgery along L in M, and B is the 
linking matrix associated to L. 
For x and y chosen as in Fig. 7, we have the following linking numbers in S3: 
lk(x, x+) = 0, lk(x, Y+> =O, 
lk(y, x+> = 1, Ik(y, Y+> = 0. 
To apply Hoste’s lemma, it suffices to see how x, x,, y, y+ link L. Orienting 
the components of L as in Fig. 8 one can orient K so that 
lk( , K) if i= 1, 
lk( , Li)= -lk( , K) if i=r, 
i 0 otherwise. 
Thus we need to compute lk( , K). 
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Fig. 9. 
First note that x’s construction (together with a certain choice of orientation for 
it) implies that Ik(x, K) = lk(x+, K) = 1. Therefore, 
lk(x, L,) = lk(x+, ~5,) = 1, 
Ik(x, I,,) =Ik(x+, L,) = -1. 
To see that lk(y, K) = lk(y+, K) = lk(K,, K2) = b, apply the Conway algorithm 
to the crossing of the knot which, if changed, unties the knot. A proper choice of 
orientation for y gives the result (see Fig. 9). 
Changing basis by letting y be replaced by y’ = y - bx, we get 
lk( x, x,) = 0, lk(x, y’,) = 0, 
lk( 9, x,) = 1, Ik($, 9,) = -b. 
However, now 
lk($, Li) =lk(j;+, Li) =0 
for i = 1, r. This implies that, in the surgery description of MhK, 
lk(x, L; S3) =lk(x+, L; S’) = (1, 0 ,..., 0, -l), 
lk( 9, L; S3) = lk( F+, L; S’) = (0, 0,. . . ,O). 
Applying Hoste’s lemma to x and j, we have that 
lk( x, y’,; W,3) = lk(x, 9,; S’), 
lk( 9, x,; M;,,) = lk(Y, x,; S3), 
lk($, 9,; &,3) = lk(k j+; S’). 
However 
lk(x, x,; M;,,) = lk(x, x,; S3) - lk(x, L; S3)Bp’ lk(x+, L; S3)T 
where B-’ is an r X r matrix whose first column is given by 
WC = [l, 0, -1, -l,O, 1; l,O, -1, -l,O, 1; l)..., 1; l,O, -1, -1, OIT 
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if r= -1mod6andby 
W: = [-1, -l,O, 1, l,o; -1, -l,O, 1, l,o; -l,..., 0; -11’ 
if r = + 1 mod 6. The subsequent columns w,: (respectively, wj+> are given in 
order by the Y cyclic permutations of these vectors’ components. 
Thus 
lk(x, x,; M;,,) =0- [l, 0 ,..., 0, -l]B-‘[1, 0 ,..., -11’ 
_ -2 ifr=-lmod6, 
4 0 if r= +lmod6. 
In conclusion we see that a Seifert form for U’ CM& can be given by 
Lemma 3. c$,(U’; M&j = 2b if r = - 1 mod 6 and 0 otherwise. 
Proof. Suppose that r = - 1 mod 6. Using the Seifert form W 
A( U’; M;,) = det( W- zWT) 
= 2b(l -z)” +.z 
-2b(z-z-‘)-(4b-1) 
which means that AJz2) = 2b(z - z-‘j2 + 1. 
above, we get that 
It follows that VW’; M&I = 1 + 2bz2 and so #Q(U’; M&) = 2b if r = 
- 1 mod 6. A similar calculation gives that c#J,(U’; M&j = 0 if r = + 1 mod 6. 0 
As K has unknotting number 1, and r = - 1 mod 6, then 
V(K+) - V(K_) =zV(Ko) 
implies that 
V(K) = 1 &zV(K,) 
as either K is equal to K, and K_ is the unknot, or K is equal to K_ and K, is 
the unknot. It follows that 4,(K) is + the coefficient of z for the link K, = K~ U K*. 
However, the coefficient of z for a two component link is equal to the linking 
number of the two components [6]. Thus c$,(U’; M&) = f24,CK; S3> which 
proves both the lemma and the theorem. q 
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